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BAND-PASSES AND LONG VIRTUAL KNOT CONCORDANCE
MICAH CHRISMAN
Abstract. Every classical knot is band-pass equivalent to the unknot or the trefoil. The
band-pass class of a knot is a concordance invariant. Every ribbon knot, for example, is
band-pass equivalent to the unknot. Here we introduce the long virtual knot concordance
group VC. It is shown that for every concordance class [K℄ 2 VC, there is a J 2 [K℄ that is
not band-pass equivalent to K and an L 2 [K℄ that is not band-pass equivalent to either the
long unknot or any long trefoil. This is accomplished by proving that v
2;1
+ v
2;2
(mod 2) is
a band-pass invariant but not a concordance invariant of long virtual knots, where v
2;1
and
v
2;2
generate the degree two Polyak group for long virtual knots.
Band-pass equivalence of knots is generated by isotopy and the moves depicted in Figure
1. Every classical knot is band-pass equivalent to either the unknot or the right trefoil.
In particular, every ribbon knot is band-pass equivalent to the unknot. Furthermore,
the band-pass class of a knot is a concordance invariant. The band-pass class of a knot is
completely determined by the Arf invariant. The Arf invariant is essentially combinatorial.
It can be defined as the coefficient 
2
(K) of z2 in the Conway polynomial of K, modulo
two. This classic story, due to Kauffman [10], elegantly displays the interaction of topology
and combinatorics in knot theory. The topological equivalence relation of concordance is
a subset of the combinatorial relation of band-pass equivalence.
 !  !
Figure 1. The two versions of the band-pass move.
Virtual knot theory can be roughly defined as the study of properties of knot diagrams
that are preserved under isotopy and stabilization of the ambient space. Virtual knots are
thus partly combinatorial and partly topological. From this point of view, it is natural to
reconsider the story of band-pass equivalence for concordance of virtual knots. This line
of investigation was originally suggested by Kauffman [12]. Here we consider long virtual
knots. The main theorem is that every concordance class of long virtual knots contains
representatives that are not band-pass equivalent to each other and representatives that
are not band-pass equivalent to either a long unknot or a long trefoil.
The motivation to study long virtual knots comes from two observations. In Section
1, we will show that long virtual knots form a group under concatenation. Thus long
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virtual knots generalize the well-known classical knot concordance group. The second ob-
servation is that the Arf invariant has a simple extension to long virtual knots. With a
choice of base point, 
2
(K) = v
2;1
(K) = v
2;2
(K) [3] for all classical knots K, where v
2;1
; v
2;2
generate the Goussarov-Polyak-Viro finite-type invariants of degree two for long virtual
knots [7]. Neither v
2;1
(mod 2) nor v
2;2
(mod 2) is a band-pass or concordance invariant
for long virtual knots by themselves. However, it will be shown that v
2;1
+ v
2;2
(mod 2)
is a band-pass invariant but is not an invariant of virtual knot concordance. The main
theorem is a direct consequence of this result.
An outline of this paper is as follows. Section 1 begins with a review of virtual knot
concordance. A combinatorial proof that long virtual knots form a group is also given in
this section. Section 2 is devoted to the band-pass invariant and the proof of the main
theorem. Section 3 contains further discussion and indicates directions for future research.
1. The Long Virtual Knot Concordance Group
1.1. Concordance. Long virtual knot diagrams are immersions R ! R2, identical with
the x-axis outside a compact set, such that each self-intersection is a transversal double
point. Each double point is marked as a classical or virtual crossing. These diagrams are
considered equivalent up to the extended Reidemeister moves [11] (see Figure 2). All
long knots are oriented from  1!1. A long virtual link is a virtual link in the usual
sense except that exactly one component is a long virtual knot. Long virtual knots were
first introduced by Goussarov-Polyak-Viro [7] in their study of finite-type knot invariants.
⇌ ⇌ ⇌
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Figure 2. The extended Reidemeister moves.
Before discussing virtual knot concordance, it is prudent to review concordance of classical
knots. Let K
0
; K
1
be oriented knots in S3. Then K
0
, K
1
are said to be (smoothly) cobor-
dant if there is a compact, connected, oriented, and smooth surface S that is properly
embedded in S3 [0; 1℄ so that S = K
1
t K
0
and S \ S3fig = ( 1)i+1K
i
, for i = 0; 1.
2
“death” “saddle” “birth”
Figure 3. Critical points of Morse functions.
Here  K denotes K with the opposite orientation. If S may be chosen to be an annulus
S
1
 [0; 1℄, then K
0
and K
1
are said to be (smoothly) concordant.
The requirement that the surface S be smooth allows for a combinatorial perspective
of cobordism. Let  : S ! [0; 1℄ denote the inclusion S ! S3  [0; 1℄ followed by the pro-
jection to [0; 1℄. By Morse theory,  may be chosen so that all the critical points appear
as local maximums, local minimums, or saddles (see Figure 3). The critical points of 
may further be assumed to all have different critical values. For regular values t 2 [0; 1℄,
S \ S
3
 ftg is an oriented link in S3. In a neighborhood of a local extremum, we see
either the birth or death of a small unknot disjoint from all other components of the link
(see Figure 5, left). In a neighborhood of a saddle, we see a transition from one type
of hyperbola to another, as in Figure 5, right. In between the critical points, the link
S \ S
3
ftg undergoes an ambient isotopy in S3. A cobordism can thus be visualized as a
movie consisting of a finite sequence of births, deaths, saddles, and Reidemeister moves.
To the map  : S ! [0; 1℄, we may associate its Reeb graph  

. The Reeb graph is the
1-complex obtained by identifying to a point each path component of each level set  1(t).
The vertices of  

are thus in one-to-one correspondence with the set of critical points
of  together with two points representing K
0
and K
1
. Each edge corresponds to a path
through time of a link component. Every univalent vertex of  

corresponds to either K
0
,
K
1
, a birth, or a death. Each trivalent vertex of  

is a saddle. See Figure 4.
S
3
 f1g
S
3
 f0g
 K
0
K
1
S

1
0
Figure 4. Schematic of a cobordism (left) and its Reeb graph (right).
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It follows that  

can be reconstructed from the cobordism movie of births, deaths, sad-
dles, and Reidemeister moves. The vertices of  

are as described above. Each knot
appearing in the movie is an edge of  

. An edge is incident to a vertex if its knot is
involved in a saddle, birth, or death at the corresponding critical point (or if it is K
0
or
K
1
). For a concordance of knots, the cobordism surface must be an annulus. Also note
that the Euler characteristic can be computed from the critical point data of births b,
deaths d, and saddles s. A concordance of knots is therefore identified with a movie that
begins with K
0
, ends withK
1
, has a connected Reeb graph, and satisfies #b #s+#d = 0.
This motivates the definition of concordance for closed and long virtual knots. The com-
binatorial formulation used here is adapted from Kauffman [5, 12]. Earlier topological
formulations are due to Carter-Kamada-Saito [2] and Turaev [15] (see also Fenn-Rourke
[6]). The pairwise equivalence of these definitions follows from [2].
Definition 1.1 (Concordance). Two (long or closed) virtual knots K
0
and K
1
are said to
be concordant if they may be obtained from one another by a finite sequence of extended
Reidemeister moves, births b, deaths d, and saddle moves s. The sequence must have a
connected Reeb graph and satisfy #b   #s + #d = 0. If K
0
and K
1
are concordant, we
write K
0
 K
1
.
K t
birth " # death
K
saddle move
$
Figure 5. Births, Deaths, and Saddles.
Example: A concordance movie beginning with the “fly”, F , is depicted in Figure 6. The
red arc indicates a saddle move. F is well-known to be a non-trivial long virtual knot (cf.
[1]). The Reeb graph of this movie is given in on the far right of Figure 6.
K
0
K
1
Figure 6. (Left) The “fly”, F is concordant to the unknot. (Right) The
Reeb graph of the movie on the left.
1.2. The Long Virtual Knot Concordance Group. Long virtual knots form a monoid
under the operation of concatenation : K
1
#K
2
means draw K
2
to the right of K
1
. The
unit, denoted 1, is the long knot given by the x-axis. It is well known that concatenation
4
is not commutative [1, 13]. It follows immediately from Definition 1.1 that concatenation
is well defined on concordance classes: if L
1
 R
1
and L
2
 R
2
, then L
1
#L
2
 R
1
#R
2
.
The long virtual knot concordance group VC is defined by analogy to the classical knot case
(see [10] for the classical definition). The elements are concordance classes, the identity is
1, the operation is #, and inverses are defined as follows. Let r(K) denote the reflection
of the diagram K about a vertical line l intersecting K in one point to the right of a closed
2-ball that contains all points of K not on the x-axis. Let  r(K) denote the change of
orientation, so that  r(K) is oriented from  1!1. Then K 1 :=  r(K).

l
x
m(x)
l
Figure 7. Two saddle moves used in the proof of Theorem 1.
Theorem 1. (VC;#; 1) is a group.
Proof. We will show K#  r(K)  1. Any two long virtual knots having the same Gauss
diagram on R are equivalent by moves v
1  v
4. We may thus assume that K is given
so that all classical crossings z lie on a line  perpendicular to the x-axis. The classical
crossings are connected together by arcs to produce the correct Gauss diagram of K, in-
serting virtual crossings where necessary. Furthermore assume that the the line l defining
K#   r(K) is to the right of . For each z, let m(z) denote the corresponding crossing
in  r(K). For each z, draw a pair of parallel red arcs near the crossing point as in Figure 7.
It may be assumed that all intersections of the red arcs with K#  r(K) are transversal
and that the arcs are symmetric with respect to l. Apply two saddle moves on the red
arcs. This gives Figure 7, right, locally for each z. All crossings coming from the red arcs
with K#  r(K) are virtual. Let L be the resulting long virtual link.
Observation: The cobordism given in Figure 7 adds two components to the long vir-
tual link diagram. To see this, begin constructing L with some chosen crossing z of K.
Perform one of the two saddle moves on the red arcs. By Figure 5, a saddle move be-
ginning with two arcs from the same component increases the number of components by
one. By symmetry, the endpoints of the other red arc for z and m(z) must now lie in the
same component. Surgering along the second red arc thus also increases the number of
components by one. Proceed with crossings y 6= z of K.
Observation: For each z, the pair of crossings z;m(z) of L can be removed with a 
2
move. All classical crossings of L are annihilated in this way.
Thus L is equivalent to a long virtual link having no classical crossings. It has 1 as a
component together with 2n disjoint circles, where n is the number of classical crossings
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of K. Kill each of these disjoint circles to obtain a cobordism to 1. Since the Reeb graph
is connected and #b #s+#d =  2n+ 2n = 0, it is a concordance. 
2. The Band-Pass Invariant
Two long virtual knots will be said to be band-pass equivalent if they are related by a
finite sequence of extended Reidemeister moves and band-pass moves (see Figure 1). Here
we will prove that, contrary to the classical case, the virtual knot concordance relation
is not a subset of the band-pass relation. To do this, it is necessary to find a band-pass
invariant that is not a concordance invariant. It will be shown that a simple modification
of the Arf invariant satisfies this criterion. We begin by reviewing the definition of the Arf
invariant of a classical knot in terms of the degree two Goussarov-Polyak-Viro finite-type
invariants v
2;1
and v
2;2
(see [7]).
Let D
K
be a Gauss diagram of a long virtual knot K. A subdiagram D0 of D
K
is a
diagram whose arrows are a subset of the arrows of D
K
. If D0 is a subdiagram of D
K
we
write D0 < D
K
. Define a formal sum of diagrams:
I(D
K
) =
X
D
0
<D
K
D
0
:
A pairing h; i is defined on Gauss diagrams by hX; Y i = 1 if X = Y and hX; Y i = 0
otherwise. The pairing is extended by linearity to the free abelian group generated by
Gauss diagrams. Then the long virtual knot invariants v
2;1
; v
2;2
are given by:
v
2;1
(K) =

; I(D
K
)

; v
2;2
(K) =

; I(D
K
)

:
Note here the convention of [7] is used, so that if no crossing signs appear on the arrows of
a diagram, then the diagram represents the weighted sum of all possible ways the diagram
may be signed and the weight of each summand is the product of the signs of all its arrows.
For example, the diagram for v
2;1
represents four diagrams. Each has a pair of arrows as
depicted and the signs vary as (;), (;	), (	;), and (	;	).
Figure 8. (Left) The long virtual knot L shows v
2;1
(mod 2) and v
2;2
(mod 2) and are not band-pass invariant. (Right) A Gauss diagram of L.
The Arf invariant of a classical knot K is the coefficient 
2
(K) of z2 in the Conway polyno-
mial of K, taken modulo two. On the other hand, we have that 
2
(K) = v
2;1
(K) = v
2;2
(K).
This follows from the fact that the dimension of the the degree two finite-type invariants
of classical knots is 1 and all three invariants have the same value on the right trefoil.
Thus the Arf invariant of a classical knot is given by v
2;1
(K) (mod 2)  v
2;2
(K) (mod 2).
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Although the Arf invariant is defined for long virtual knots, it is neither a band-pass invari-
ant nor a concordance invariant. Let F be the “fly” depicted in Figure 6. Its Gauss diagram
coincides with the defining Gauss diagram of v
2;2
. Thus, v
2;2
(F )  1 (mod 2) whereas v
2;2
vanishes on the unknot. Since F  1, v
2;2
(mod 2) is not a concordance invariant. Now
perform the band-pass move on the long virtual knot L on the right in Figure 8 to obtain a
diagram R. Then v
2;2
(L) (mod 2) 6 v
2;2
(R) (mod 2). Similarly, v
2;1
(mod 2) is neither a
band-pass nor concordance invariant. Also note that v
2;1
(F )+v
2;2
(F )  1 (mod 2). Thus,
v
2;1
+ v
2;2
(mod 2) is not a concordance invariant.
Theorem 2. If K
1
and K
2
are obtained from one another by a sequence of extended
Reidemeister moves and band pass moves, then:
v
2;1
(K
1
) + v
2;2
(K
1
)  v
2;1
(K
2
) + v
2;2
(K
2
) (mod 2):(1)
Proof. It suffices to prove the theorem when K
1
and K
2
differ by a single band pass
move. Let D
1
; D
2
represent Gauss diagrams for the long virtual knots on the left, right,
respectively, of a band-pass move in Figure 1. D
1
and D
2
differ in a set  = f; ; ; Æg
containing exactly four arrows. Here we use the same name for the arrow in D
1
and the
arrow in D
2
obtained by toggling the direction and sign of that arrow.
Suppose D0
1
< D
1
is any pair of intersecting arrows. D0
1
can contain none, one, or two
arrows from . If none, then D0
1
contributes equally to both sides of Equation 1. Contri-
butions for the other cases depend upon how the arrows of  are configured in the Gauss
diagram. The two band-pass moves in Figure 1 have five essentially different ways in which
the depicted arc ends may be connected to form a single component, up to change of orien-
tation. The number of cases may be reduced from five to three by noting that an 
2 move
converts the fourth and fifth configurations into the first and second, respectively. For
each configuration, the point at infinity for K
1
may be chosen on any of the four dashed
connecting arcs. Figure 9 shows one choice; other choices follow similarly.
Consider all subdiagrams of D
1
and D
2
containing exactly two arrows from . Consulting
Figure 9, one can verify that the total contribution of such subdiagrams to Equation 1 is
the same on both sides. For example, in the top configuration the pairs ;  and ; Æ each
contribute 1 to each side of Equation 1 to give a total contribution of 0 on each side.
Lastly, suppose that D0
1
< D
1
contains one arrow x from  and one arrow  62  that in-
tersects x. To create the corresponding subdiagram D0
2
in D
2
, simply change the direction
and sign of x. Note that the endpoints of  lie in separate dashed regions of the real line in
Figure 9. For each x 2 , observe in Figure 9 that there is some y 2 , y 6= x, such that
 intersects y. Now, either x and y point in the same direction or in opposite directions
in D
1
. If they point in the same direction, the pairs x;  and y;  each contribute 1 to
one side of Equation 1 and both contribute zero to the other side. If x and y point in the
opposite direction, one of the pairs x;  and y;  contributes 1 on the left of Equation 1
while the other pair contributes 1 on the right. 
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Figure 9. The five possible configurations of arcs, and the corresponding
Gauss diagrams for the left and right hand sides of the band-pass move.
Theorem 3 (Main Theorem). For every concordance class [K℄ 2 VC, there is a J 2 [K℄
that is not band-pass equivalent to K and an L 2 [K℄ that is not band-pass equivalent
to either the long unknot or a long trefoil.
Proof. Again let F be as in Figure 8, left. Suppose that v
21
(K) + v
2;2
(K)  1 (mod 2).
Since v
2;1
+v
2;2
(mod 2) vanishes for any classical knot, L := K is not band-pass equivalent
to either a long unknot or a long trefoil. Set J := K#F . Then v
2;1
(J) + v
2;2
(J)  0
(mod 2), since the invariant is additive under concatenation. Since F is concordant to the
unknot, we have J = K#F  K. Thus, J is concordant to K but J is not band-pass
equivalent to K. If v
21
(K) + v
2;2
(K)  0 (mod 2), set L := K#F and J := K. 
3. Further Discussion
3.1. The map from long to closed. If D is a Gauss diagram on R, it may be converted
into a closed Gauss diagram D on S1 via the map t! e2i artan(t). The arrow endpoints and
8
crossing signs of D are transferred to D in this way. Then D! D descends to a surjective
map K ! K from long virtual knots to virtual knots [7]. Definition 1.1 implies that if
K
1
 K
2
, then K
1
 K
2
. Any invariant of virtual knot concordance is thus an invariant
of long virtual knot concordance.
For example, the Henrich-Turaev polynomial w
K
(t) is an order one finite-type concor-
dance invariant of virtual knots [4, 9, 15]. It takes values in the group of Laurent
polynomials Z[t; t 1℄. The invariant is 0 for all classical knots. By virtue of the map
K ! K, w
K
(t) is also a finite-type concordance invariant of long virtual knots. Moreover,
w
K
: VC! Z[t; t 1℄ is a homomorphism: w
K
1
#K
2
(t) = w
K
1
(t) + w
K
2
(t).
Proposition 4. If K   r(K), then K has order 1 or 2 in VC. There are elements
of VC that are not concordant to a classical knot and have infinite order.
Proof. The first fact follows fromK#K  K# r(K)  1. Suppose thatKm  1 for some
natural number m. Then 0 = w
K
m
(t) = m  w
K
(t). Thus any element with non-vanishing
w
K
(t) must have infinite order. Consider the long virtual knot diagram K having Gauss
code O1(+)O2(+)U1(+)U2(+). Since w
K
(t) = 2t 6= 0, K cannot be concordant to any
classical knot and has infinite order. 
3.2. Directions for future research. Here we have exclusively focused on the band-pass
move for long virtual knots. For the closed case, are there any Goussarov-Polyak-Viro
(GPV) finite-type invariants that are band-pass invariant? The answer is likely to be
“yes”. A computer search could resolve this question. One could compute the Polyak
algebra modulo the image of the band-pass moves under the map I.
The Henrich-Turaev polynomial is a finite-type concordance invariant, but it is not a
finite-type invariant in the sense of GPV. For the closed or long case, are there any GPV
finite-type invariants that are concordance invariants? The finite-type concordance in-
variants of classical string links are the Milnor invariants [8] and these can sometimes be
expressed by GPV type formulae [14]. An interesting problem is to classify the finite-type
concordance invariants of long virtual knots, and more generally, virtual string links.
The group structure of VC is mysterious. Are there finite order elements in VC that
are not concordant to any classical knot? Are there, for example, any elements having or-
der four? The monoid of long virtual knots is not commutative. Is VC abelian (essentially
posed by Turaev [15])? The algebraic concordance group is a useful tool for studying the
classical knot concordance group. Is there something analogous for long virtual knots?
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